Abstract. It is shown that over infinitely many imaginary quadratic fields there exists a Hermitian lattice in all even ranks n ≥ 2 which is generated by its 4n minimal vectors but which is not generated by 2n − 1 minimal vectors.
In general, it is not true that a quadratic lattice always has a basis of minimal vectors, even though it is generated by its minimal vectors. This question was asked by Louis Michel and answered by Conway and Sloane [1] . Their explicit answer was the construction of a lattice of rank 11 with this property. We found a Hermitian lattice with a similar property over an imaginary quadratic field. That is, a free Hermitian lattice is generated by its minimal vectors, but has no basis of minimal vectors. Furthermore, the Hermitian lattice is not generated by 2n − 1 minimal vectors if it is of even rank n. This is trivially constructed from the binary Hermitian lattice in the following theorems. . Let v 1 and v 2 be the basis of the Hermitian lattice.
Suppose that a vector xv 1 + yv 2 with x, y ∈ O has norm smaller than a. That is,
If y 2 = ±1, then yy ≥ a 2 . Thus zz can be smaller than a 2 only when 2ax 2 − 2y 1 − y 2 = 0, which is impossible by checking the parity. So y 2 = 0, and the same argument shows that x 2 = 0.
Then, z = 2ax 1 + y 1 − 2y 1 ω. Since zz < 2a 2 , y 1 = 0 and x 1 = 0 subsequently. That is, if zz + yy < 2a 2 , then x = y = 0. A similar argument shows that L has exactly 8 minimal vectors:
and their norms are all a. It is clear that these vectors are not primitive since 1 ∈ aO + ωO. 
Suppose that a vector xv 1 + yv 2 with x, y ∈ O has norm smaller than 2a. That is, Since the modulus of ±(2a + 1) − 2y 1 should be smaller than 2, we can conclude that y 1 = ±a or ±(a + 1) and
This is absurd. We can deduce the same result when x 2 = 0 and y 2 = ±1. So the last case is that x 2 = ±1 and y 2 = ±1. In each case, the coefficient of ω in z is one of the following:
These coefficients should vanish and in any case zz + 2yy ≥ 2a(2a + 1). Hence the minimal norm of the Hermitian lattice L cannot be smaller than 2a. A similar argument shows that there exist exactly 8 minimal vectors
in L. Other parts of this theorem are obvious.
Now we prove the infinitude of squarefree integers of the form 4a 2 − 1 and (2a + 1) 2 − 2. These facts are deduced since the squares of the two polynomials have degree 4 and they assume infinitely many cubefree integers [2] . In general, let f (x) be a polynomial of degree ≥ 2 whose coefficients are integers with highest common factor 1. If f (x) has a positive leading coefficient and is not the -th power of a linear polynomial, then any -th powerfree integer of the form f (n) has asymptotically positive density
where
The infinitude for the form 4a 2 − 1 = (2a − 1)(2a + 1) can be proved in an easier way [3] .
